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ABSTRACT

Models of robots and how they contact the external world is traditionally built based

on physics. However, such an approach is limited when the physics of certain phenomena

are not well understood, when it is computationally prohibitive to solve for the equations,

and when identifying equation parameters and solving conditions is challenging in the real

world with partial and noisy observations. Recently, advancements in deep learning have

provided a potential way to deal with this challenge, leveraging extremely flexible function

approximators such as neural networks. However, the data required for many common

robotics tasks could be prohibitive due to the complexity of the physics involved.

This thesis aims to make progress toward addressing the issue of data efficiency for complex

physics phenomena such as granular media, heterogeneous deformable objects, and acoustics

of human bodies. To this end, this thesis adopts two main methodologies. First, a gray-box

learning approach where learning is tightly integrated with physics, is employed to improve

data efficiency. The core idea here is to decompose physics into parts that can be described by

efficient analytical equations, and parts that are poorly understood or computationally heavy,

which are learned from data. In this thesis, I will demonstrate different ways of combining

knowledge of physics and learning to achieve data efficiency on multiple challenging problems.

The second methodology aims to use meta-learning, or learning to learn, to extract useful

prior knowledge from offline data on related tasks to accelerate online learning on novel tasks.

I will demonstrate a novel meta-learning technique that enables a robot to use vision and

very little online experience to achieve high-quality scooping actions on out-of-distribution

granular terrains. We further show that these two methodologies can complement each other

by demonstrating that the proposed meta-learning algorithm can improve gray-box learning

for deformable objects.

In addition to these two main methodologies, I also discuss my other relevant efforts in

solving contact-rich robotics tasks, including automated excavation and manipulation in

unstructured environments with an immersive, novice-friendly avatar robot that achieved

4-th place in the ANA XPRIZE Avatar Challenge.
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CHAPTER 1: INTRODUCTION

Figure 1.1: The contact-rich tasks tackled in this thesis, which involve various kinds of deformable
objects and environments. Top left: manipulation of heterogeneous deformable objects. Top right:
locomotion over granular media. Bottom left: auscultation. Bottom right: fragmented rocks
manipulation.

One of the key components of a robot system is a predictive model of the world, which is

essential for state estimation, planning, and control. The traditional approach builds models

of the dynamics of robots and how they would contact with the surrounding environment

based on physics [1]. As summarized in Fig. 1.2, while this approach requires little data,

it needs an engineer to manually specify analytical models for each di�erent robot task.

This approach is also limited when the task at hand involves physics phenomena that are

not well understood, with accurate analytical equations not available [2, 3, 4]. Even when

analytical equations are available, it could be computationally prohibitive for them to be

useful in robotics applications. For instance, Tasora et al. proposed a method to simulate

vehicle locomotion on granular media [5], but it costs 3.2 hours of computation on a 20-

core processor to perform 1 s of simulation. In addition, solving the inverse problem, i.e.

identifying equation parameters and solving conditions, could be very challenging in the real

world [6, 7].

Recently, advancements in deep learning have provided a potential way to deal with these

challenges, leveraging extremely 
exible function approximators such as neural networks [8].

However, due to the complexity of physical phenomena in the real world, large amounts

of data are required for many common contact-rich robotics tasks when applying black-
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Figure 1.2: An overview of di�erent types of methods and their requirements for training data
vs. engineering e�ort.

box deep learning [9]. This limits the applicability of black-box deep learning as data are

expensive and even dangerous to collect in a lot of robotics applications. To mitigate this

limitation, structured neural networks aim to improve the data e�ciency of neural networks

by designing model architecture that enforces physics concepts [10, 11, 12]. For example,

Li et al. [11] propose to use graph neural networks (GNNs) to learn the particle dynamics

of rigid, granular materials, and 
uids, where the GNNs enforce the physics concept that

the physical interactions between the particles happen locally. However, such methods still

need a large amount of data, making them mostly applicable for simulations and simulated

data. To further improve data e�ciency, this thesis explores a class of techniques called gray-

box learning [13] that instead of embedding physics concepts, tightly couples learning and

analytical equations of physics. This class of methods has been widely adopted in science

and engineering, and this thesis demonstrates the �rst application of these techniques to

contact-rich tasks with soft objects and environments as those shown in Fig. 1.1 that lead

to computationally e�cient simulations learned from a small amount of real-world data.

While gray-box learning leverages analytical equations to improve data e�ciency, such a

method is not always possible. For example, for an excavator manipulating fragmented rocks

in Fig. 1.1, the dynamics of the bucket-rock interaction is highly dependent on the latent

arrangement, geometry, and physics properties of rock particles, making embedding physics

equations extremely challenging. In addition, the large amounts of data required to train

black-box deep learning models might not be available for lots of robotics tasks. Therefore,

this thesis explores meta-learning, or learning-to-learn [14], that achieves faster learning by

extracting useful prior for the task at hand from available data on relevant tasks. In addition,

meta-learning can also complement gray-box learning by improving data e�ciency given data

2



(a)

(b)

(c)

Figure 1.3: Di�erent classes of methods for gray-box learning. The gradient 
ows during training
are marked in green and red. (a) The machine learning model learns the residual of an analytical
model. (b) Physics-informed Learning: use analytical equations to guide the training of the machine
learning models, and performs joint learning of the machine learning model and the analytical
equation coe�cients � . There are two gradient 
ows during training: the training loss includes
data loss for the training data (green), and also the analytical equation violations for arbitrary
data points (red). (c) Learning simulator component: a component of the simulator is learned
from data. There exist two di�erent types of training for di�erent methods (two di�erent gradient

ows), depending on the smoothness of the analytical equations. [Best viewed in color.]

from closely related tasks, which is also demonstrated in this thesis.

Gray-box learning and meta-learning are introduced in more detail in the next two sections.

1.1 GRAY-BOX LEARNING

The idea of gray-box learning is to enhance the data e�ciency of black-box learning

methods by tightly combining learning and analytical equations based on physics. Here I

provide a taxonomy of gray-box learning methods and discuss their applicability. The three

major classes of gray-box learning methods are illustrated in Fig. 1.3, and their applicability,

pros, and cons are summarized in Tab. 1.1.

3



Method Applicability Pros Cons

Residual
Learning

E�cient and reasonably accurate
analytical equations are avail-
able, and so are the parameters
of these equations

ˆ Simple to imple-
ment

ˆ Applicable to a smaller
range of problems com-
pared to other methods

Physics-
informed
Learning

The form of governing PDEs
of the underlying physics phe-
nomenon is known, and only par-
tial and sparse measurements are
available.

ˆ Can handle partial
and sparse training
data

ˆ Identi�es ana-
lytical equation
coe�cients

ˆ Computationally heavy
due to joint training of a
neural network and PDE
parameters, especially
when high resolution is
required.

Learn Simu-
lator Compo-
nent

The underlying physics includes
parts that can be described by
e�cient and accurate analytical
equations with known parame-
ters.

ˆ Does not require
full knowledge of
the physics

ˆ Requires more manual de-
sign of the model

Table 1.1: Summary of the di�erent classes of gray-box learning methods.

Residual Learning The most straightforward way to leverage analytical equations in

learning is to perform residual learning, where a machine learning model learns the residuals

of an analytical models [15, 16, 17, 18, 19]. This requires that there already exist e�cient

and reasonably accurate analytical equations with known parameters and learning is used to

correct for small biases and noises from real-world observations. While the implementation

of these methods is straightforward, their application is limited. In Chapter 5, I adopt

this approach and propose a semi-parametric residual Gaussian process model to model the

acoustic properties of human patients leveraging the knowledge of human anatomy, which

improves the data e�ciency over a pure Gaussian process model [20]. This method alleviates

the requirement of the equation parameters by additionally estimating them from online

observations.

Physics-informed Learning This class of methods uses analytical equations to guide the

training of the machine learning models [21, 22, 23, 24, 25], and is a popular technique in

the �eld of Physics [21] where the analytical equations are in the form of partial di�erential

equations (PDEs). As shown in Fig. 1.3, this class of methods learns the machine learning

model and the analytical equation coe�cients jointly during training. The training loss in-

cludes data loss for the collected training data, and also the analytical equation violations

for arbitrary data points. As a result, physics-informed learning (PIL) can handle partial

and scattered observations. In addition, PIL only requires that the form of the governing

equations is known and that they are di�erentiable. However, when the equations are com-

4



putationally heavy to compute or scale poorly with the desired resolution, joint training with

a neural network becomes computationally prohibitive.

Learn Simulator Component The last major class of methods learns the component

of a simulator. In the context of robotics, this component is usually the contact model [3,

26, 27, 28], which is motivated by the fact that the contact dynamics between rigid objects

are not well-understood while the contact-free dynamics is known very well. Therefore, the

contact model instead is learned from data, either in an end-to-end manner [3, 27, 28] or

just from the input and output data of the contact model [26], depending on whether the

rest of the simulator is di�erentiable. The core idea here is to decompose physics into parts

that can be described by e�cient analytical equations, and parts that are poorly understood

or computationally heavy, which are learned from data. Compared to PIL and residual

learning, this class of methods does not require that the underlying governing equations are

fully known, and can use learning to replace analytical equations that are computationally

heavy. This class of methods is the most 
exible but requires an engineer to carefully design

the pipeline. While the literature that adopts this idea usually deals with the case of rigid

body dynamics with Coulomb friction, in this thesis, I will demonstrate di�erent ways of

combining analytical simulators and learning to achieve data e�ciency on problems that

involve complicated physics phenomena such as granular media, heterogeneous deformable

objects, and acoustics of human bodies, shown in Fig. 1.1.

1.2 META-LEARNING

Meta-learning was �rst proposed in the literature in 1987 [29], and by 1998 a book is writ-

ten on the topic [14]. In the contemporary era, the development of meta-learning has mainly

been associated with end-to-end deep learning, due to its potential to alleviate the draw-

backs of deep learning, such as improving data e�ciency and transferrability. The concept

of meta-learning is particularly attractive in robotics, where an autonomous agent's ability

to master new skills quickly is a hallmark of intelligence. The development of meta-learning

has mainly been spurred by computer vision, and in particular image classi�cation [30], but

there has been an increasing amount of interest in the robotics community, especially for the

sequential decision-making setting.

The goal of meta-learning is to enable fast adaptation of a model during testing on a target

task by training the model with o�ine data on similar tasks �rst. These are also referred

to as the meta-testing and meta-training phases in the literature. To accomplish this goal,

during meta-training, the idea of meta-learning is to perform simulated testing using data on

5



o�ine tasks by treating each o�ine task as a task the model is adapting to and �nd model

hyperparameters that maximize the speed of adaptation. Below I �rst present a taxonomy

of meta-learning methods in the literature.

Metric-based methods. The idea of metric learning resembles that of nearest neighbors

algorithms. In metric-based meta-learning, the aim is to learn good metric or distance

functions so that they will generalize to new tasks [31, 32, 33]. This class of methods is

mainly motivated by image classi�cation and is not suitable for problems considered in this

thesis, which involves regression.

Optimization-based methods. This class of meta-learning methods aims to learn how

to perform optimization during the online testing stage for fast adaptation, including learn-

ing the initial model parameters [34, 35], learning the model weights updates in each it-

eration [36, 37], directly predicting the model weights [38, 39], and learning the optimizer

hyperparameters [40]. Perhaps the most famous meta-learning algorithm is the MAML al-

gorithm [34], which optimizes for the initial weights of a neural network such that the neural

network, after �netuning on the data in the new task, generalizes well. This class of methods

usually applies to neural networks. However, these methods are prone to over�tting in the

few-shot regime [41], especially when the robotics tasks considered in this thesis involve very

sparse support data points in the spatial dimension and prediction needs to be made on the

entire spatial dimension.

Kernel-based methods. Gaussian processes (GPs) is a popular non-parametric method

for learning in the small-data regime. However, GPs do not naturally handle high-dimensional

inputs and deep kernels [42] have been proposed to instead pass inputs through a neural net-

work �rst to a low-dimensional feature before inputting into a GP. Deep kernel methods for

meta-learning [43, 44, 45] tunes the kernel parameters to work well for each of the training

tasks. One drawback of this class of methods is that they do not scale very well to large

data, but this is not a concern for the tasks considered in this thesis.

Modular Learning Another class of methods is modular learning [46, 47]. In these meth-

ods, modules learned for di�erent tasks are separately learned and stored, and on novel tasks,

the learned modules are assembled to maximize performance. However, this class of methods

is largely unexplored in the literature and does not show superior performance compared to

other methods.
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1.3 DISSERTATION STRUCTURE

This thesis aims to make progress toward tackling the challenge of learning for robots that

make contact with complicated objects and environments by exploring techniques that im-

prove thedata e�ciency of learning algorithms. Examples of these objects and environments

are shown in Fig. 1.1, including granular media, heterogeneous 3D deformable objects, and

the acoustics of human bodies.

In Chapter 2 and 4, I adopt gray-box learning and propose simulators with learned contact

models for granular media and heterogeneous deformable objects. In Chapter 2, I propose

a novel data-driven granular contact model based on the stick-slip behavior between rigid

objects and granular media, which can be learned with a few hundred real-world data points.

It is then combined with rigid body dynamics in an optimization-based simulator based on

the Maximum Dissipation Principle. I evaluate the proposed method on three di�erent types

of granular media and show that the simulator simulates plausible interactions between

robots and granular media in real time, orders of magnitude faster than state-of-the-art

analytical methods. Chapter 3 extends this simulator to be a di�erentiable one by solving

it with a primal interior-point method with a pre-speci�ed duality gap. This chapter then

proposes a bilevel, contact-implicit trajectory optimization formulation that searches for

long-horizon robot trajectories on granular terrains, where the lower-level solves the contact

force with the di�erentiable simulator to obtain the dynamics constraints, and the upper-

level trajectory optimization problem is solved with direct transcription. I evaluate the

proposed method by optimizing locomotion trajectories of a quadruped robot on various

granular terrains o�ine and show that it can produce long-horizon walking gaits of high

quality, while standard trajectory optimization and reinforcement learning methods can not.

These two chapters are originally published as [48, 49].

Chapter 4 proposes a point-based surface representation and a heterogeneous, nonlinear

point force response model learned from a robotic arm acquiring force-displacement curves

from a few poking interactions. They are then used in a simulator that solves for deformable

object surface deformation and contact wrench when contacting arbitrarily-shaped rigid ob-

jects based on the Hertzian contact model. I evaluate this method on a variety of challenging

soft objects, and show that the proposed approach learns force response with su�cient accu-

racy to generate plausible contact responses for novel rigid objects. This chapter is originally

published as [50].

In Chapters 2 and 4, learning happens in a supervised manner, where a small labeled

dataset is provided to a machine learning algorithm. Chapter 5, instead, demonstrates an

informative path-planning approach, where the robot plans information-gathering paths to
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collect data online. Speci�cally, this chapter proposes the �rst automated system for the task

of heart and lung auscultation. To select auscultation locations that generate high-quality

sounds, a Bayesian Optimization formulation adopts a gray-box semi-parametric Gaussian

process model that leverages visual anatomical cues to predict where high-quality sounds

might be located, while using auditory feedback to adapt to patient-speci�c anatomical

qualities. I evaluate the system by experimenting with 4 human subjects and show that the

system autonomously captures heart and lung sounds of similar quality compared to tele-

operation by a human trained in clinical auscultation. This chapter is originally published

as [20].

Chapter 6 presents a vision-based few-shot meta-learning method with a deep kernel model

trained with meta-learning to learn online from very limited experience on novel tasks. It

introduces a novel meta-training approach, Deep Meta-Learning with Controlled Deploy-

ment Gaps (CoDeGa), that explicitly trains the deep kernel to make predictions robustly

under large domain shifts. This chapter applies this method to applications: few-shot scoop-

ing and gray-box learning of deformable object force response models which is �rst intro-

duced in Chapter 4. The few-shot scooping problem is motivated by autonomous lander

missions on extraterrestrial bodies, and I evaluate the method on a variety of challenging

novel terrains with large domain shifts and show that employed in a Bayesian Optimiza-

tion sequential decision-making framework, the method allows the robot to adapt quickly

to out-of-distribution terrains, surpassing other state-of-the-art meta-learning methods and

non-adaptive scooping strategies in the literature. This application is originally published

in [51]. In the second application, I demonstrate that CoDeGa enhances the point force

response model learning, improving generalization for online learning on novel objects com-

pared to learning from scratch. When used in the analytical simulator, CoDeGa also improves

contact response simulations for novel rigid objects. This shows that CoDeGa is general to

other robotics tasks and complements gray-box learning.

In addition to the core theme of improving data e�ciency of learning in deformable en-

vironments, Chapters 7 and 8 show other relevant topics on contact-rich tasks for robots.

Chapter 7 presents a multi-modal model-based reinforcement learning approach to manip-

ulation of fragmented rocks, where the design of the action space leverages the domain

knowledge of excavation. I evaluate this method by running extensive physical experiments

and show that our method is able to signi�cantly outperform manually designed strategies.

This chapter is originally published as [52]. Chapter 8 takes a di�erent angle at solving the

challenges of completing contact-rich tasks in the real world. The idea is to leverage human

intelligence through teleoperation of a robot avatar. This chapter discusses my e�ort on

designing an avatar system as immersive as possible to use for human teleoperators. The
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avatar system achieved 4-th place in the$10 million ANA XPRIZE Avatar Challenge and

completed all tasks in the �nals, which evaluated avatar systems on whether they could be

controlled by novice operators to complete various manipulation, navigation, and social in-

teraction tasks. The contents of this chapter are currently under review for the International

Journal of Social Robots.

1.4 SUMMARY OF CONTRIBUTION

The contributions of this thesis are summarized as follows:

ˆ First simulator that simulates robot locomotion on granular media in real-time while

considering realistic granular contacts (Chapter 2), and �rst trajectory optimization

method that simulates long-horizon robot gaits over granular terrains (Chapter 3).

ˆ A data-driven simulator that simulates plausible interaction between a robot and het-

erogeneous deformable objects using data acquired from only a few touches (Chapter 4).

ˆ First system for automated heart and lung auscultation (Chapter 5).

ˆ A novel meta-training algorithm for training deep kernels that allows a robot to use

vision and very little online experience to achieve high-quality scooping actions on

out-of-distribution granular terrains (Chapter 6).

ˆ A multi-modal model-based reinforcement learning approach to the excavation of frag-

mented rocks (Chapter 7).

ˆ An immersive robot avatar with commodity telepresence hardware that achieved 4th

place at the recent$10 million ANA Avatar XPRIZE competition, completing all tasks

in the �nals (Chapter 8).
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CHAPTER 2: GRAY-BOX LEARNING FOR FAST SIMULATION OF
ROBOT LOCOMOTION ON GRANULAR MEDIA

In this chapter, we propose a gray-box learning approach for simulating robot locomotion

on granular media. We �rst develop a novel contact model based on the stick-slip behavior

between rigid objects and granular grains, which is then learned from a moderate amount of

data from experiments. The contact model represents all possible contact wrenches that the

granular substrate can provide as a convex volume, called afeasible wrench space. The sim-

ulation uses an optimization-based contact force solver based on the Maximum Dissipation

Principle that combines rigid body dynamics with thefeasible wrench space, formulated as

constraints. We show that our method is able to simulate plausible interaction responses with

several granular media at interactive rates, orders of magnitudes faster than state-of-the-art

analytical methods. 1

2.1 INTRODUCTION

Physics simulators are widely used in robotics. They may be used to design and evaluate

mechanisms and behaviors, and can be used inside motion planners and grasp planners to

predict the outcomes of actions. Rigid body simulators model robots and objects as collec-

tions of articulated rigid bodies with either hard or spring-like point contacts with coulomb

friction, and are quite commonly used [53]. Finite Element Method (FEM) simulations are

used to predict the behavior of deformable materials[54, 55], and Discrete Element Method

(DEM) simulations are used to predict the behavior of granular media such as sand and

mud. Although FEM and DEM simulators can capture a greater variety of phenomena than

rigid body simulations, their computational expense is prohibitive for most uses in robotics.

For example, one study reports using 3.2 hours of computation on a 20-core processor to

perform 1 s of DEM simulation for a vehicle moving on granular media composed of 150,000

bodies [5]. Hence, we ask the question, can empirical models be incorporated into rigid body

simulation to e�ciently simulate interaction with more complex deformable materials?

We focus on the problem of simulating robot locomotion on granular media. The interac-

tion between a rigid foot and a granular medium is quite complex and cannot be captured

accurately using analytic models. Our novel contribution is a gray-box learning approach,

where a substrate contact model is �rst learned via experiments, and then is used in a contact

force solver for rigid-body simulation.

1This chapter is reproduced from Yifan Zhu, Laith Abdulmajeid, and Kris Hauser, "A Data-driven
Approach for Fast Simulation of Robot Locomotion on Granular Media". In International Conference on
Robotics and Automation (ICRA) 2019.
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We take advantage of the stick-slip behavior of a rigid object, in our case a robot foot,

moving on a granular substrate and model this interaction as a single contact resisted by a

frictional wrench inside a (non-Coulomb) frictional wrench space. The wrench space varies

with the foot's depth and orientation within the substrate.

During data acquisition, we use a vector of parameters (referred to as thecon�guration )

to de�ne the relative pose between the foot and substrate. For a single con�guration, we

record a set of frictional wrenches exerted on the foot moving at di�erent directions. The

database is constructed by repeating this for a set of discrete con�gurations. Data can be

gathered from a DEM simulation or a physical testing apparatus. DEM simulation has the

advantage of easy setup and can scale using high performance computing resources, but it

can be di�cult to tune parameters to �t real world materials. We also constructed a physical

testing apparatus in this work.

During the simulation stage, both foot and substrate are modeled as rigid objects and

are allowed to interpenetrate. The ground reaction wrench is constrained to lie within the

predicted wrench space at the current foot-terrain con�guration, and contact forces are

calculated using a Maximum Dissipation Principle (MDP) optimization. Due to convexity

assumptions, which we �nd to be satis�ed well in practice, the optimization problem can be

solved in time polynomial in the number of robot links. As a result, we are able to simulate

robot locomotion on granular media in interactive time. Simulation results are demonstrated

on both a single foot and a model of the Robosimian quadruped robot traversing 
at and

sloped terrains composed of granular materials.

2.2 RELATED WORK

Several works have studied legged motion on granular media. Some authors employ simple

spring-damper [56, 57] or vistoplastic [58] models for terrain deformations. Despite the

convenience of these models, they can deviate far from the empirical behavior of granular

media. Xiong et al record the stress that a plate experiences when penetrating a substrate

and integrates the stress to determine the stability of a robotic leg with a plate-shaped foot

while standing [59]. Using this as a stability region criterion, a controller is developed to

produce stable walking gaits for a planar biped traversing 
at granular terrain. This model

is limited to stability determination and can not predict force response while the object is

moving. Li et al develop a method based on resistive force theory to predict the resistance

on a thin-plate-shaped leg moving through granular media [60]. It theorizes that the net

resistive force acting on an object is the linear superposition of resistive forces on in�nitesimal

leg elements. They predict net force on a leg by integrating empirically-determined stress
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on leg elements and achieve about 30% error. This algorithm treats the penetration as a

kinematic event and can not predict static stability. In contrast, our method uni�es static and

kinematic events and simulates dynamic motions of rigid body interacting with deformable

terrains.

A related community studies o�-road vehicle locomotion. Various empirical and physics-

based models for tire-terrain interaction have been proposed. A comprehensive survey [61]

reviews the main e�orts in this area. Empirical methods build upon empirical tire-terrain

interaction equations. Meanwhile, physics-based solutions rely on DEM and FEM simula-

tions, which are computationally heavy [5]. Because the geometry and elastic properties of

tires di�er greatly from that of robot feet, the methods developed for o�-road vehicles are

not suitable for legged robot locomotion.

Data-driven simulation approaches have been adopted in many contexts. Bauza et al use

a variation of Gaussian Process (GP) to learn the outcome of planar pushing (treated as a

kinematic event) and its variability [62]. The method is able to outperform analytic models

after learning only 100 pushing samples. Although it is also possible to use a pure data-

driven approach in our case, we employ a gray-box approach to reduce the amount of training

data. Another work proposes a data-driven method to predict the post-collision velocity of

a planar object [63]. This method learns the optimal parameters of an analytic model given

pre-impact states and outperforms pure analytic model. Our work is similar to this method in

that we are also learning parameters for a contact model. However, instead of optimizing the

parameters by minimizing the discrepancy between simulation and reality, we are extracting

parameters directly from experiments. Wang et al use a data-driven piece-wise linear model

to simulate cloth, which often has complicated nonlinear, anisotropic elastic behavior due

to woven pattern and �ber properties [64]. Local stress-strain parameters are obtained by

linearly interpolating the local strain and angle relative to woven pattern from a database

obtained through experiments. Bickel et al use a similar approach to learn the local stress-

strain relationship through Radial Basis Function (RBF) interpolation on a database of real

experiment samples and use these parameters for FEM simulation [65]. Both papers are able

to capture the non-linear and heterogeneous deformation behaviors of the materials studied.

Like these two works, we are also learning model parameters that capture dominant physical

properties and performing dynamics simulations. But in our case, rather than modeling

the material stress-strain response, we are concerned with approximating the macroscopic

response of granular media on a penetrating rigid object.
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Figure 2.1: The structure of our proposed method for simulating robot locomotion on granular
terrain.

2.3 METHODS

The structure of our method is summarized in Fig. 2.1. During o�ine learning, we run

experiments on a granular medium to gather empirical force/torque for our contact model

at di�erent con�gurations. Then we learn a model to predict the wrench space for a new

con�gurations. For each time step during online simulation, we predict the wrench space

for each contact between a robot and the granular substrate. Finally, the wrench space

constraints are incorporated in an optimization-based contact wrench solver.

The interaction between rigid objects and granular media is complex, and in this work, we

only model the most dominant stick-slip behavior observed in low-velocity motion. Other

properties like memory e�ects, high-velocity inertial e�ects [66], force \overshoot" [59], and

force 
uctuations [67], are left to future work.

An object moving in granular media causes the grains around it to rearrange and slip

against each other. Dry friction between the grains contributes to the majority of the

resistance the object experiences. If the external force applied on an object is too weak

to cause slippage between the grains, the object sits still. Studies have shown that at low

speeds, velocity-independent drag force dominates [68] and this drag increases with larger

penetration depth [59]. In addition, this drag is independent of the surface friction between

the object and an individual grain [67].

Our proposed contact model limits the possible frictional contact wrenches between a rigid

object and a substrate to a givenfeasible wrench space. In the planar case considered here

we look at only a 3D wrench space (2D force and 1D torque). The reference frames in this

model are shown in Fig. 2.2. We assume a roughly cylindrical shape of the object. Pointpr

is a �xed point on the object, and will be the point about which torques are measured. We

de�ne it on the central axis of the cylinder and 0.25 m away from the center of the bottom

plate pcenter . Point pc is the closest point on the surface of the substrate topcenter . Frame Fc

is centered atpc and its z-axis points is the outward normal of the surface of the substrate.

Frame Fr has the same orientation asFc but its origin lies on pr .

The feasible wrench spaceW (Fig. 2.3a) is de�ned as a set of all wrenchesw >R3 that can
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Figure 2.2: Reference frames of a granular contact as described in the text. The con�guration of
the cylinder relative to the substrate is parametrized by d and � . FG is the global frame.

(a) 3D view, with
torque in the out-
of-plane direction.

(b) View of (a) in Fx-Fz
plane.

(c) Tilted foot. (d) Upright foot, greater
depth.

Figure 2.3: Visualizations of the resistance wrenches faced by a rigid cylinder on pebbles, where
˜ FC • is the contact frame.

be exerted by the substrate on the object, with forces and torques measured with respect

to Fr . When the force and torque needed to achieve equilibrium is withinW, the object

remains still. When the object starts moving/slipping, the friction resisting the object lies

on the boundary@W. This volume also changes depending on the depthd and orientation

� of the object relative to the surface frameFc. We capture dependent parameters of one

object-substrate contact in a vector� � ˆd; � •. Our method uses machine learning to predict

the feasible wrench spaceWˆ� •, including its depth- and orientation-dependence.

It may be possible to generalize� to include other dependent parameters, such as 3D

orientation, the local geometry of the substrate, the geometry of the foot, and granular

medium type. However, when more parameters are used, the amount of data needed to

model W accurately grows rapidly. We focused ond and � to strike a balance between data

acquisition di�culty and generalization.

2.3.1 Database and Learning

Data Formulation To model Wˆ� • we capture points on its limit surface; this exploits

the property that if w > W, then cw > W for all c > �0; 1� [69]. Our approach moves the

foot through a granular substrate in various directions and records the resistance wrenches.
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By the stick-slip assumption, this populates a set of points on@Wˆ� •. Wˆ� • is then ap-

proximated as the convex hull of the measured boundary wrenches. Later, we show this

assumption to hold well in practice.

Speci�cally, we samplen parameter values� 1; : : : ; � n , and for each� j we obtain m points

w1;j ; : : : ; wm;j on @Wˆ� j •. To obtain wi;j , we move the foot through the substrate at the

depth and orientation speci�ed by� j at a given velocityvj . Then, wi;j is simply the measured

resistance wrench.

Data Acquisition It may be tempting to gather these measurements simply by moving

to a given value of� , and executing short movements with di�erent velocities. However,

this poorly ensures that the medium is in slip phase, due to elastic deformation and force

overshoot [59]. Moreover, the medium is disturbed and compacted when the foot moves

through it, which runs the risk of inconsistent measurement due to irregular loading. To

address these issues, our acquisition method executes longer controlled trajectories and resets

the material in-between runs.

For one run with parameter � des and velocity vdes, both de�ned with respect to Fc, we

prepare the substrate in a consistent manner and follow a constant-velocity trajectory that

passes through� des. We record the resistance along the trajectory, �lter it, and then obtain

a wrench estimate at the instant when the foot is at� des.

Speci�cally, we choose the duration of the whole trajectory to bet total and pass� des at

0:8 � t total , which is chosen for consistency of repeated measurements. The process follows

these steps, as shown in Fig. 2.5:

1. Prepare the surface such that it is 
at and not compacted.

2. Move the foot from above the granular surface directly to the starting point of the

trajectory. This point is � des � 0:8t total vdes.

3. Start moving at velocity vdes for duration t total , while recording force, torque and

position.

4. Filter the data with a low-pass �lter to remove noise. Calculate exactly when the

con�guration reaches� des and record the wrench at this time.

5. Transform the wrench to frameFr .

The simulation and real robot setup we use for acquiring data is shown in Fig.??. Simulation

is performed using YADE[70], an open-source DEM software, where a 
oating cylinder is

moved through a box of 58,500 spheres. The robot we use is Robosimian, a quadruped with
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(a) Simulation setup
in the DEM simulator
YADE for data acqui-
sition.

(b) Data acquisition
apparatus with Ro-
bosimian.

(c) Pebbles and sand used in physical
experiments. A 0.25 USD coin is shown
for scale.

Figure 2.4: Data acquisition is performed in simulation or a physical robot.

(a) Force acquisi-
tion trajectory.

(b) Force-torque data along trajectory.

Figure 2.5: The robot foot trajectory for a run with � des � � � 0:03; �
2 � and vdes � � 0:014; � 0:014; 0�

in sand. The four milestones are: (1) starting pose for the foot, (2) start of the constant velocity
trajectory, (3) the robot reaches � des, (4) end of trajectory.

28 active degrees of freedom and F/T sensors on the ends of its four limbs. One of the feet

is driven through a container �lled with a granular medium and acquire measurements with

the F/T sensor connecting the foot and ankle links.

Learning Our database consists ofn parameter values� 1; : : : ; � n , and for each� j we have

m extreme wrenchesw1;j ; : : : ; wm;j on @Wˆ� j •. To model @Wˆ� •, we learn m regression

models that predict them extreme wrenches for a novel value of� . Speci�cally, each wrench

regressionwi ˆ � • is learned so thatwi ˆ � j • � wi;j for j � 1; : : : ; n.

Experiments �nd that Radial Basis Function (RBF) interpolation, Gaussian Process (GP),

and SVM regression achieve similar performance. Results using 5-fold cross validation show

that RBF interpolation outperforms GP and SVM slightly on our dataset, so we use it in

our experiments.
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In order to approximate Wˆ� •, we then take the convex hull ofw1ˆ � •; : : : ; wm ˆ � • and

represent the feasible set using the minimal half-space represention:

Aˆ � •w Bb̂ � •: (2.1)

2.3.2 Simulation Framework

Our simulation framework is built upon the work of [71], which solves for contact forces

based on the Maximum Dissipation Principle (MDP). Speci�cally, at each time step the

simulation calculates the friction forces maximize the rate of energy dissipation, i.e., min-

imizing kinetic energy at the next simulation frame. Compared to more traditional linear

complementary problem (LCP) methods [72, 73], this method has comparable accuracy and

is more convenient for extending simulations beyond Coulomb friction models.

When applying MDP to our case, we note that the movement of particles in the granular

substrate also contributes KE to the system. While we cannot know the microscopic move-

ments of all the particles, we assume that the aggregate velocity of the particles is a multiple

of the velocity at the bottom of the foot. Our approach then minimizes the sum of the KE

of simulated bodies and the approximated KE of granular particles.

We use generalized coordinate representation, and de�ne the following notation:

ˆ h: time step size

ˆ q, v: generalized coordinates and velocities

ˆ u: joint torque control inputs

ˆ k: generalized external forces

ˆ M : generalized inertia matrix

ˆ Ju: joint control torque jacobian

ˆ ct : stacked vector of contact wrench impulses

ˆ cj : stacked vector of joint constraint impulses

ˆ Jt : contact wrench Jacobian

ˆ Jc: joint constraint Jacobian

ˆ Jp: pcenter velocity Jacobian
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ˆ M g: mass matrix of the granular particles

During each simulation step, a contact detector examines whether footi penetrates the

granular medium, and if so, calculates the contact parameters� i . We clamp� i to be between

� �
2 and �

2 because more extreme angles would be quite far from the sampled data. The bodies

are considered to be in contact whendi is negative. The foot may still touch the substrate

if di A 0 and � i x 0. However, since the resistance is small in this case, we ignore it for

simplicity. For wider feet, one might not want to leave this out. For each contact, we predict

its corresponding feasible wrench spaceWˆ� i • using the learned model in the foot's local

reference frame, rotate it to the global frame if it is on a slope and convert it to half-space

representation.

Then, we calculate the joint and contact wrench impulses by solving the following opti-

mization problem:

min
ct ;cj

vt � 1T
Mv t � 1� ˆJpvt � 1•T M gˆJpvt � 1• s.t.

Jcvt � 1 � 0

hA1ˆ � 1•ct1 Bb1ˆ � 1•

�

hAN ˆ � N •ctN BbN ˆ � N •:

(2.2)

In this problem, the velocity on the next time step isvt � 1 � M � 1ˆJ T
t ct � J T

c cj � J T
u u � hk• � vt .

The second term in the objective represents the kinetic energy of the granular substrate.

Jp transforms the velocity at center of mass of each foot to that atpcenter . M g is used to

approximate the aggregate momentum of change of the grains as a function of the velocity

of pcenter . The inclusion ofM g has a very small e�ect when simulating the entire robot but

improves the accuracy of simulating a single robot ankle. The resulting problem is a QP and

can be solved in polynomial time. The position is then updated according toqt � 1 � qt � hvt � 1.

2.4 EXPERIMENTS AND RESULTS

2.4.1 Data Generation

We test on 1 granular medium in DEM simulation and 2 physical media. The DEM

simulation medium (Beads) uses particles with the following properties:

ˆ Young's modulus: 3‡ 108
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Medium Depth dˆm• Tilt � ˆ rad•
Beads [0,-0.06,-0.12,-0.18,-0.24][0,0.25,0.5,0.75,1,1.25,1.5]
Pebbles [0,-0.015,-0.03,-0.045] [0,0.3,0.6,0.9]
Sand [0,-0.01,-0.03,-0.05,-0.07] [0,0.3,0.6,0.9]

Table 2.1: Discretized con�gurations for three media.

ˆ Poisson's ratio: 0:3

ˆ Density: 1631 kg/m3

ˆ Coe�cient of friction: 0.577

ˆ Shape: spheres with radius of 0.01 m.

The physical granular media are pond pebbles with diameter of about 0.8-1.0 cm (Pebbles)

and �ne play sand (Sand), shown in Fig. 2.4c.

We samplen con�gurations on a grid of d and � . The ranges respect the size of the foot

and the torque limits of the robot, such that the foot does not get submerged completely

into the medium or exceed the stall force of the robot. The resolution of the grid is chosen

according to practical time and computational resource limitations. Table I summarizes the

the grid parameters. At zero depth, we do not run any experiments and set all wrenches to

zero. Also, to achieve better data e�ciency, we exploit symmetry in the foot shape, so that

the wrench space of̂ di ; � i • has the same shape as that ofˆdi ; � � i •, but with the signs of

force in the x direction and torque 
ipped.

For each con�guration, we sample a uniform grid ofm velocities on the surface on a 3D

unit sphere using spherical coordinates. The unit velocities are then scaled in the x, z, and�

axes by (0.2m/s, 0.2m/s 0.6 rad/s) for Beads and (0.02m/s, 0.02m/s 0.3 rad/s) for Pebbles

and Sand. The discrepancy comes from the fact that the latter two are much sti�er and the

robot foot cannot penetrate into them too much. For DEM simulation, we collect data for

m=26 and m=58. Running our simulators using these two di�erent densities of sampling,

we do not observe a signi�cant di�erence in the object's post-contact motion. For real world

experiments, which are more time consuming, we collect data for m=26 only.

2.4.2 Validity of Convexity Assumption

We evaluate the extent to which the wrench space convexity assumption holds. As a

concavity metric, we use the relative distance between the convex hull surface and innermost

point in the convex hull. Speci�cally, for a given� j this dimensionless measure is Concavityj �
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Medium Average Concavity Worst Concavity
Beads 0.0174 0.1207
Pebbles 0.0013 0.0155
Sand 0 0

Table 2.2: Concavity of empirical wrench spaces

maxi ˆˆ b̂ � j • � Aˆ � j •wi;j •~Ywi;j Y•. To avoid points with small magnitude, we exclude data

where depth is zero, or the magnitude of the point is less then 1. If all of the inner points

are less than 1, we treat the concavity as zero. Tab. 2.2 lists for each medium the average

concavity across con�gurations as well as the worst case. Most of the wrench spaces are

convex. There are only a few wrench spaces with concavity larger than 10%, and these occur

at wrenches with small magnitudes.

2.4.3 Simulation Experiments

Accuracy Test To evaluate the accuracy of our method, we command a foot to follow

a trajectory and compare the resistance on the robot acquired from experiments and our

simulator. Our simulator uses a simple PID controller to follow the reference trajectory. The

mass and the moment of inertia of the simulated foot are 7:357 kg and 0:061 kg�m2. The PID

gains being used areK p � � 8000; 20000; 300� , K i � � 4000;6000;1000� and K d � � 200; 400;10� .

M g is tuned empirically by matching simulated and measured trajectories and wrenches, and

we useM g � diagˆ14:714;14:714;0:122•, which is twice the inertia of the foot.

Fig. 2.6b shows a good match between the simulated resistance and measured resistance on

a straight trajectory in Sand, showing resistance force and torque increasing with depth. This

is similar for Pebbles medium and is not shown here. Results for a curved path in Pebbles

are shown in Fig. 2.6d. The simulator is able to predict the general trend and approximate

magnitudes of the resistance. However, the simulated resistance stays high as the downward

movement slows, while the actual resistance drops. We believe that the discrepancy is caused

by un-modelled memory e�ects, such as compaction, and some integral wind-up from the

simulated PID controller. Modeling memory e�ects would be an interesting problem for

future work.

Drop Test with a Single Foot Next, we perform a test of dropping behavior with one

single object. We drop the object from a small height at two di�erent surface orientations,

displayed in Fig. 2.7. When the object is dropped in vertical orientation of 
at terrain, it

remains erect. In slightly sloped terrain, the object begins to tip, but ultimately is able to
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