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Abstract

With the unprecedented growth of the E-Commerce market, robotic warehouse au-

tomation has attracted much interest and capital investment. Compared to a con-

ventional labor-intensive approach, an automated robot warehouse brings potential

benefits such as increased uptime, higher total throughput, and lower accident rates.

To date, warehouse automation has mostly developed in inventory mobilization and

object picking.

Recently, one area that has attracted a lot of research attention is automated

packaging or packing, a process during which robots stow objects into small confined

spaces, such as shipping boxes. Automatic item packing is complementary to item

picking in warehouse settings. Packing items densely improves the storage capacity,

decreases the delivery cost, and saves packing materials. However, it is a demanding

manipulation task that has not been thoroughly explored by the research community.

This dissertation focuses on packing objects of arbitrary shapes and weights into

a single shipping box with a robot manipulator. I seek to advance the state-of-the-

art in robot packing with regards to optimizing container size for a set of objects,

planning object placements for stability and feasibility, and increasing robustness of

packing execution with a robot manipulator.

The three main innovations presented in this dissertation are:

1. The implementation of a constrained packing planner that outputs stable and

collision-free placements of objects when packed with a robot manipulator.
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Experimental evaluation of the method is conducted with a realistic physical

simulator on a dataset of scanned real-world items, demonstrating stable and

high-quality packing plans compared with other 3D packing methods.

2. The proposal and implementation of a framework for evaluating the ability to

pack a set of known items presented in an unknown order of arrival within a

given container size. This allows packing algorithms to work in more realistic

warehouse scenarios, as well as provides a means of optimizing container size

to ensure successful packing under unknown item arrival order conditions.

3. The systematic evaluation of the proposed planner under real-world uncertain-

ties such as vision, grasping, and modeling errors. To conduct this evaluation,

I built a hardware and software packing testbed that is representative of the

current state-of-the-art in sensing, perception, and planing. An evaluation of

the testbed is then performed to study the error sources and to model their

magnitude. Subsequently, robustness measures are proposed to improve the

packing success rate under such errors.

Overall, empirical results demonstrate that a success rate of up to 98% can be

achieved by a physical robot despite real-world uncertainties, demonstrating that

these contributions have the potential to realize robust, dense automatic object pack-

ing.
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Introduction

With the fast expansion of the E-Commerce market, modern warehouses are han-

dling more frequent shipments and more complex deliveries. Thus, the demand for

warehouse automation technology is high. According to a Westernacher white pa-

per [wes17], worldwide spending on warehouse automation technology is expected to

reach $22.4 billion in market value by the end of 2021. Such demand is driven by

the many advantages of automated warehouses. Compared to a conventional labor-

intensive approach, an automated warehouse holds the promises of increased safety

and more e�cient operation. Among di�erent warehouse automation technologies,

robotic automation allows for fast deployment and high mobility, attracting much

research interest and capital investment.

Robotic automation aims to expedite the transport of goods and streamline labo-

rious processes such as object picking, sorting, and packing. This level of automation

requires systems to scan and identify packages and individual goods, perform pick-

and-place tasks for objects of various shapes and sizes, and sometimes handle complex

decision logic. Developments in robotic automation are closely tied to advances in

robot perceptionand manipulation, and signi�cant progress has been made in recent
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years in both areas.

Robot perception has witnessed tremendous progress in the last decade, largely

due to the success of applying deep learning in computer vision tasks. Deep con-

volutional neural networks have now taken over most established rule-based algo-

rithms and have dominated benchmarks in object classi�cation [HZRS15a, TL19],

object detection [TPL19, RHGS15, Gir15, ZWZ+ 20], object segmentation [RFB15,

HGDG17, LDG+ 17], and many others [CHS+ 18, QSMG16, COR+ 16]. Deep learn-

ing methods show promise in achieving or surpassing human-level performance in

many signi�cant sensing problems. For example, human-level performance on ob-

ject recognition for selected categories (e.g., ImageNet classes) is demonstrated by

recent works[HZRS15c, SLWT15]. These advances in robot perception have shown

potential in a commercial setting. For example, the successful establishments of

Amazon Go stores and full-size grocery stores are largely related to powerful per-

ception algorithms [Gro19]. They demonstrate that highly accurate detection and

classi�cation can be generalized to tens of thousands of unique items, which is an

essential component of an automated warehouse.

At the same time, robots continue to gain manipulation dexterity. Several factors

drive this enhancement. One is advances in hardware such as higher resolution

tactile sensing [WLM+ 16, YDA17, TLK + 09] and robot end-e�ectors that o�er better

precision or compliant control. Another is the development of realistic simulation

environments [Hau20, Dra05, CB19], that run in real-time and above on modern

computer architectures. By using these simulated platforms, one may perform testing

and data-collection for data-driven methods that are magnitudes faster than doing

so on real, physical systems. Finally, the emergence of reinforcement learning (RL)

in robotics holds the promise of enabling autonomous robots to learn vast behavioral

skills with minimal hand-engineered rules [LLS15, MBM+ 16, MKS+ 15, SLM+ 15,

GLSL16], although applications of direct reinforcement learning algorithms have thus
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far been restricted to simulated settings and relatively simple tasks [GLSL16].

Despite these advances, it remains a challenge to design an automated robot

system for warehouses, particularly for a system that operates directly on an in-

dividual object. Interests in robust and versatile robotic manipulation for a wide

variety of objects is almost as old as robotics. However, most robotic automation

success is restricted to known objects in controlled environments with specialized

hardware. A modern warehouse handles millions of unique objects, varying widely

in size and appearance, ranging from loose objects wrapped in plastic, such as cloth-

ing, to soft objects like plush toys, as well as solid but highly concave objects like

bowls and cups. This variety presents signi�cant challenges for robot vision and

manipulation. To date, robot tasks that require coordination of perception, sensing,

and manipulation on complex objects have shown only limited success. While there

have been a number of robots reported as being able to load dishware into dishwash-

ers [JZLS12], to make pancakes [BKK+ 11], to assemble furniture [KLRR13], and to

perform general pick-and-place in cluttered homes [CJCH12a], amongst other tasks

[Sch18, WHLC10, WCH18], the execution is usually slow and the results are far from

optimal. For example, a state-of-the-art autonomous laundry folding robot folds a

single towel in 15 minutes [Sch18], a task humans can e�ortlessly do in seconds. A

sophisticated grasping system such as the Google grasping project [LPKQ16], which

trains industrial robot arms to grasp novel objects in a cluttered container, reported

to have collected over 800,000 grasp attempts over two months, using between 6 and

14 robotic manipulators at any given time, achieves an 80% success rate among 100

grasping attempts.

Given that current technologies do not o�er high reliability and e�cient opera-

tions, which are critical for warehouse automation, this dissertation proposes theo-

rems and algorithms that tackle a speci�c problem:to pack objects of arbitrary

shapes and weights into a single shipping box , which belongs to a sub-area of
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robotic warehouse automation calleddense robot packing. In addition, I design and

implement a robotic system that realizes dense automatic object packing with high

reliability.

1.1 Warehouse Automation

Warehouse operations involve a complicated system that can be divided into six

primary steps: receiving, sorting, storing, picking, packing, and shipping, shown

in Fig. 1.1. E�orts in warehouse automation have been spent on optimizing these

six processes 1) to reduce the sheer size of a warehouse facility and to speed up

transportation of goods within it, and 2) to automate labor-intensive and repetitive

operations.

Large areas are needed for warehouses to store items in racks, to move stock, to

unload and load trailers and containers, and to allow people to pick from them. At

the same time, moving items and people around inside such a large space becomes

time-consuming. By the earlier 2000s, warehouses used largely mechanized automa-

tion to increase storage density and transportation e�ciency. Examples include the

use of Carousel, a rotatable circuit of shelving that allows the product to rotate

to the person, A-frames, an automated dispensing machine that drops items onto

a conveyor [BH10], as well as Automated Pallet Stacking and Destacking technolo-

gies and Autonomous Storage-and-Retrieval systems [AdKR17], and many others.

Among these techniques, the usage of Autonomous Storage-and-Retrieval(AS/R)

systems gives a big boost to storage density and transportation e�ciency. These

systems use racks with aisles and deploy autonomous shuttles that operate to trans-

port inventory around the warehouse, and therefore allow for aisles that are extremely

narrow [BH10].

However, one big disadvantage of mechanized automation is in
exibility: it per-

forms well for a speci�c task for which it was designed, but becomes very expensive
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to be adapted for changes [BH10].

Later in the 2000s, with advances in sensor technologies and robotics, mobile

robots such as automated guided vehicles(AGVs) [CLR07, GKMS08, USSB97] and

autonomous mobile robots(AMRs) [Hag04, Wan91, FM98] were employed to move

inventory shelves around in a warehouse and present inventory for an operator to

retrieve. The inventory could include storage racks, packages, or a tote of items.

Mobilized storage racks can be stored at a higher density as there is no need to leave

room in the aisle for a human to pass through. The fact that the robot brings the

inventories to the operator instead of having the operator walk to them also increases

the base pick rate. Compared to earlier warehouse automation technologies that

relied on networks of conveyor belts and chutes, robotic automation allows for faster

deployment and greater mobility.

The last ten years have seen a tremendous transformation in warehouse opera-

tion, driven by the fast growth of the e-commerce market. Many warehouses moved

to operate 24/7, handle large and variable daily order volumes, and store millions

of unique items. These movements have raised the demand for more comprehensive

and sophisticated robotic automation. The hope is to ful�ll a customer order fully

automatically, from sorting inbound inventory to picking and packing each individ-

ual ordered item. These processes are great candidates for automation: They are

laborious and repetitive, and often su�er from poor ergonomics.

This demand for a higher level of automation �rst drew broad research attention

through the Amazon Robotics Challenge (ARC) [Rut15], held yearly from 2015-2017.

The rule of the competitions tested the ability of robotic systems to ful�ll an order by

autonomously picking the requested items from a tote and placing them into a storage

unit, and picking the items from the storage unit and packing them into a shipping

box, which is a reasonably good representation of the key challenges in a warehouse

setting. Some state-of-the-art pick-and-place system prototype such as [YFD+ 16,
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SLG+ 18, ZSY+ 18] have resulted from the competition. Those systems can recognize

and grasp both known and novel objects in relatively cluttered environments to a

degree and place them in over-sized storage space.

Industry soon followed suit, such that by 2020 there were 278 robot warehouse au-

tomation companies opened globally [Tra20], many of which are tech start-ups. Some

preliminary commercial success has been demonstrated: The number of robotic units

in warehouses is expected to reach 620,000 units by 2021 [wes17], and many of those

units are AGVs and AMRs, made by companies such as Kiva Systems, Quicktron,

and Geek+. Recent start-ups have begun developing object picking/grasping systems

that can handle individual objects. For example, RightHand Robotics developed a

range of multi-�nger and vacuum grippers with sensors for more general-purpose

grasping. IAM Robotics designed a mobile picking robot with an extended arm that

can perform a picking operation using a vacuum end-e�ector.

Furthermore, a few companies have started exploring experimental projects aimed

at sorting and re-binning. For example, GreyOrange developed a fully automated

sorting system to sort and divert outbound packets. XYZ Robotics developed a re-

binning station that sorts batch-picked orders into each customer order. The sorting

and re-binning process usually places objects onto a conveyor belt or in an over-sized

tote or bin.

To conclude, the current warehouse automation developments are summarized in

Fig. 1.1.
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Figure 1.1 : A summary of warehouse automation approaches and the processes
they automate. Blue ovals represent mechanized technologies, while orange ovals
represent robot technologies.

1.2 Robot Packing

One key aspect of warehouse automation that has attracted increasing amount of

interest is robot packing, a �nal step of the ful�llment process when all ordered

items from a customer are packed into a box for shipping. The current practice in

ful�llment centers leaves the responsibility of container selection and packing largely

to human worker intuition. Due to demanding schedules, workers cannot employ

much foresight in the packing process and are reluctant to re-pack. As a result, over-

sized containers are often used, incurring waste and higher shipping costs (Fig 1.2).

Better containers and packing plans could be chosen using automated algorithms,

whether packing is accomplished by humans or robots.
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Figure 1.2 : Examples of poor space utilization in shipping boxes.

E-commerce companies have been looking at automation methods to reduce ship-

ping waste for a long time. Industry giants like Amazon have explored various strate-

gies to use the smallest shipping container possible. Such measures include using

machines known as the \SmartPac" that wraps a single customer order in patented

envelopes , as well as the reported installation of two automatic 3D-box made-on-

demand machines called CartonWrap, Cartonwrap can scan a single item and cut a

box that �ts around the object so that the waste is minimized [Das19, CMC20].

However, these measures stagnate when it comes to packing orders with more

than one item: Arranging tight placements and optimizing a container for a set

of irregular shapes is a di�cult combinatorial optimization problem. Packing the

objects densely with a robot manipulator also poses robot manipulation challenges.

Little prior work has been done in dense packing of multiple objects. Although

boxing multiple items [YFD+ 16, SLG+ 18, ZSY+ 18] was previously demonstrated at

the Amazon Robotics Challenge, the packing aspects were simpli�ed by using over-

sized containers. With an over-sized container, packing can be addressed with simple

heuristics or even dropping items from the top center of the container, and the ob-

jects would still �t. Some recent works have studied dense packing as an extension to

the classic "peg-in-hole" problem, a typical contact manipulation task that requires
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precise position under some form of compliance [Dra05, HJJ+ 13, BDD95]. For ex-

ample, Yu et al. [YR18] propose an insertion strategy that leverages tactile sensing

to probe the gap for the targeted insertion pose while monitoring incipient slip to

maintain a stable grasp on the object. Shome et al. [STS+ 19] use RGB-D data and

a vacuum-based end-e�ector as a gripper and push �nger. They monitor potential

failures in real-time and use corrective pushing to achieve tight packing of an object

close to the edge. However, these works are only concerned with inserting a single

object into a tight designated space, but do not plan for where to place each object

to achieve dense packing.

To address these shortcomings, this dissertation studies planning and robot ex-

ecution for dense packing, with a focus on this speci�c problem: to pack objects of

arbitrary shapes and weights into a single container. The goal is to optimize a place-

ment plan and a container size while ensuring feasibility of the plan with a robot

manipulator.

1.3 Cutting and Packing Problems

Traditionally, problems that involve the placement of objects within a container or

a set of containers are referred to as cutting and packing problems. Most existing

packing algorithms apply to idealized scenarios, such as rectilinear objects and 
oat-

ing objects not subject to the force of gravity. Under speci�c settings, such problems

can be formulated and solved optimally using exact algorithms. One example of

these state-of-the-art exact algorithms is the solution to the 3D bin packing prob-

lem using branch and bound, proposed by Martello et al. [MV98, MPV00], whose

work is further extended by many including Boef et al. [dBKM+ 05] and Crainic et

al. [CPT08]. Exact algorithms, although capable of �nding the optimal solution if

in�nite time is spent, are strongly NP hard [GJ90] and do not guarantee optimal re-

sults within a reasonable amount of time especially when a large number of instances
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are involved [MPV00]. Heuristic methods and meta-heuristic approaches have also

been developed over the years, such as the popular Bottom-Left heuristic [BCR80]

and the Best-Fit-Decreasing heuristic [JDU+ 74].

More recent work has addressed irregular shape packing, and only heuristic meth-

ods are practical because the search space is in�nite. Meta-heuristics are commonly

used in this setting such as Simulated Annealing (SA) [kam88, ZH04, LLCY15] and

Guided Local Search (GLS) [FPZ03, Ege09, VT03, VVHS15, BLP13] that start with

an initial placement and iteratively improve the placement by moving the pieces

in the neighborhood while minimizing an objective function (e.g., overlap in the

system). Other work has also proposed constructive positioning heuristics for 3D

irregular objects, such as Deepest-Bottom-Left-Fill (DBLF), which places items in

the deepest, bottom-most, left-most position; and Maximum Touching Area (MTA),

which places an item in a position that maximizes the total contact area of its faces

with the faces of other items [WGC+ 10].

To perform automatic packing in warehouses using a pre-computed packing plan,

several real-world issues need to be addressed, such as stability under the force

of gravity, and kinematics and clearance issues for the robot. If stability is not

considered, the object pile may shift during execution, and therefore subsequent

placements are unlikely to be executed as planned. If kinematics and clearance are

not considered, the robot may be asked to perform infeasible motions (e.g., grip an

item from underneath, bring an item to a target through another interlocked item, or

pass through the container wall). Unstable placements and infeasible robot motions

may cause failure to contain all items and even damage the robot and the items.

Recovering from a failed packing operation can be complex and time-consuming,

often requiring the robot to remove all items from the current box and place them

in a larger container.
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Figure 1.3 : Unstable or 
oating placement is infeasible under force of gravity

Some research has taken aspects of stability into consideration during packing.

Egeblad et al., for example, use a two-stage GLS packing algorithm that, in the �rst

stage, optimizes for the center of gravity and inertia of the pile and, in the second

stage, minimizes overlap in the system [Ege09]; Liu et al. propose a constructive

method that packs irregular 3D shapes using a Minimum-Total-Potential-Energy

heuristic [LLCY15]. This method performs a grid search for the lowest gravitational

center height Z for each placement and can be hybridized with meta-heuristic SA

to search for packing permutations that lead to lower total potential energy in the

system. However, both proposed methods rely solely on heuristics and do not verify

the stability of each placement. In contrast to these works, the method proposed in

this work enforces stability explicitly using constraints.

One recent work on packing that takes into account robot manipulation feasibility

is presented in [dBKM+ 05], in which the author proposes a variant of the orthogonal

3D box packing scheme such that no prior packed box is in front of, to the right
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of, or above the current placing box, to avoid a possible collision with a vacuum

gripper. This placing rule, however, cannot guarantee collision-free placements with

other gripper geometries and neglects robot kinematic constraints and graspability

constraints.

1.4 Summary of contributions

This dissertation is the �rst, to the best of my knowledge, to propose stability and

robot feasibility constraints tailored to the automated warehousing domain and to

implement a packing algorithm to solve those constraints. The algorithm guaran-

tees the stability of the object pile during packing and the feasibility of the robot

motion executing the placement plans. Experimental evaluation of the method is

conducted with a realistic physical simulator on a dataset of scanned real-world

items, demonstrating stable and high-quality packing plans compared with other 3D

packing methods. Moreover, a prototype robot hardware and software system that

executes the algorithm achieves a 98% success rate with proposed error-correcting

measures. I hope that by highlighting the importance of robot-feasible o�ine plan-

ning and error-correcting measures, the ideas introduced in this dissertation can

inform key design decisions for future robot warehouse automation technologies. My

contributions are as follows:

1. A set of constraints for stable and feasible robot packing are formulated, and

a constructive packing pipeline is proposed to solve these constraints. The

pipeline is able to pack geometrically complex, non-convex objects while sat-

isfying stability and robot packability constraints. Experimental evaluation of

the algorithm conducted with a realistic physical simulator demonstrates sta-

ble and high-quality packing plans compared with other 3D packing methods.

This work appeared previously as Wang et al. [WH19b], published in ICRA
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2019 with co-author Kris Hauser. This work is presented in Chapter 2.

2. Two variants of packing problems in which the set of items is known, but the

arrival order is unknown are formulated. This addresses the gap in the then-

state-of-the-art algorithms that assumed a fully controllable arrival order of

the items to be packed. The proposed algorithm provides certi�cation that

the items can be packed in a given container, as well as to optimize the size

or cost of a container so that that the items are guaranteed to be packable,

regardless of arrival order. This work appeared previously as Wang et al.

[WH19c], published in RSS 2019 as best paper award nominee with co-author

Kris Hauser. This work is presented in Chapter 3.

3. A technique for convenient 3D object model acquisition is presented in which

an object is reoriented in front of a video camera with multiple grasps and

regrasps. Experiments show that our method results in high quality recon-

structed models. Moreover, testing with a novice user on a set of 200 objects

demonstrates relatively rapid construction of complete 3D object models. This

is done to help expedite the acquisition of 3D models used by a wide variety

of robotic planners. This work appeared previously as Wang et al. [WH19a],

published in ICRA 2019 with co-author Kris Hauser. This work is presented

in Chapter 4.

4. Evaluation of the proposed planner under real-world uncertainties such as vi-

sion, grasping, and modeling errors. I build a hardware and software testbed

that is representative of current state-of-the-art sensing, perception, and plan-

ning for warehouse manipulation. A systematic evaluation of the testbed is

then performed to study the sources of error and models their magnitude.

Exhaustive experiments are conducted in Monte Carlo simulation and on the
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physical testbed to examine the feasibility of the packing placements under

open-loop baseline conditions as well as utilizing two strategies for improving

the robustness of robotic packing. Empirical results demonstrate a success

rate of up to 98% can be achieved on a physical robot when using robustness

measures despite cascading real-world uncertainties. This work is presented in

Chapter 5.

5. During my thesis studies, I have also made contributions outside of the realm of

warehouse automation. In order to conduct many desirable functions, service

robots will need to actuate buttons and switches that are designed for humans.

I designed a robot called SwitchIt that is small, relatively inexpensive, easily

mounted on a mobile robot, and actuates buttons reliably. This work appeared

previously as Wang et al. [WCH18], published in ICRA 2018 with co-author

Kris Hauser. This work is presented in Chapter 6.

Finally, this dissertation concludes by summarizing contributions and discussing

open challenges for future work in Chapter 7.
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2

O�ine Bin Packing under Stable and
Robot-feasible Constraints

This chapter proposes a formulation of the o�ine packing problem that is tailored to

the automated warehousing domain. Besides minimizing waste space inside a con-

tainer, the problem requires stability of the object pile during packing and the feasi-

bility of the robot motion executing the placement plans. To address this problem,

a set of constraints are formulated, and a constructive packing pipeline is proposed

to solve for these constraints. The pipeline is able to pack geometrically complex,

non-convex objects while satisfying stability and robot packability constraints. In

particular, a new 3D positioning heuristic called Heightmap-Minimization heuristic

is proposed, and heightmaps are used to speed up the search. Experimental eval-

uation of the method is conducted with a realistic physical simulator on a dataset

of scanned real-world items, demonstrating stable and high-quality packing plans

compared with other 3D packing methods.1

1 This chapter is reproduced from Fan Wang and Kris Hauser, \Stable Bin Packing of Non-
convex 3D Objects with a Robot Manipulator," in 2019 International Conference on Robotics and
Automation (ICRA), Montreal, QC, Canada, 2019, pp. 8698-8704. This work is funded by Amazon
Research Award.
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2.1 Introduction

Problems that involve the placement of objects within a container or a set of contain-

ers are generally referred to as cutting and packing problems. Most existing packing

algorithms apply to idealized scenarios, such as rectilinear objects and 
oating ob-

jects not subject to the force of gravity. To perform automatic packing in warehouses

using a pre-computed packing plan, several real-world issues need to be addressed,

such as stability under force of gravity, and kinematics and clearance issues for the

robot.

For a packing plan to be feasible with a robot manipulator, a comprehensive set

of constraints need to be formulated.

In addition to the two standard packing constraints:

1. Noninterference. Each object is collision free,

2. Containment. All objects are placed within the internal space of the container,

we introduce the following constraints necessary for a robot-packable plan:

3. Stability. Each object is stable against previously packed objects and the bin

itself, and

4. Manipulation feasibility. A feasible robot motion exists to load the object

into the target placement. The robot must obey kinematic constraints, grasp

constraints, and collision constraints during this motion.

In the following sections, we refer to constraints 1 and 2 as thenon-overlap

constraints, and constraints 1-4 as all constraints, or the robot-packable constraints.

While the application of robot-packable constraints is independent of the par-

ticular packing problem addressed, this chapter focuses on the problem of o�ine

16



packing of 3D irregular shapes into a single container. To solve this problem under

robot-packable constraints, we present the following main contributions:

1. A polynomial time constructive algorithm to implement a resolution-complete

search amongst feasible object placements, underrobot-packable constraints.

2. A 3D positioning heuristic named Heightmap-Minimization (HM) that mini-

mizes the volume increase of the object pile from the loading direction.

3. A fast prioritized search scheme that �rst searches for robot-packable placement

in a three-dimensional space that likely contains a solution, and falls back to

search in a �ve-dimensional space.

Our algorithm and others in comparison are tested in a realistic physics simula-

tor, by packing large quantities of itemsets using highly complex, real-world object

scannings. With item sizes of 3-5 objects (e.g., a common Amazon order size), the

success rate is 99.9% for �nding and executing packing plans using small Amazon

order boxes. Large number of items are also packed in stress tests, in these tests, 80%

of the placement plans were successfully executed in the physics simulator, which is

signi�cantly better than the 17% success rate from a standard packing solver under

the same testing condition. Empirical results also show that the new Heightmap-

Minimization heuristic �nds more placements than existing heuristics.

2.2 Problem De�nation

We address the problem of o�ine packing of 3D irregular shapes into a single con-

tainer while ensuring the stability of each packed item and feasibility of the placement

with a robot gripper.

Speci�cally, for a set N geometriesG1; : : : ;GN where Gi � R 3, let C donate the

free space volume of the container and@Cas the boundary of the free space. Let
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Ti � Gi denote the space occupied by itemi when the geometry is transformed by

Ti . The problem is to �nd a placement sequenceS = ( s1; : : : ; sN ) of
�

1; : : : ; N
	

and

transformsT = ( T1; : : : ; TN ) such that each placement satis�es non-overlapping and

containment constraints with geometries placed prior:

(Ti � Gi ) \ (Pj � Gj ) = ; ; 8i; j 2
�

1; : : : ; N
	

; i 6= j (2.1)

Ti � Gi � C ; 8i 2
�

1; : : : ; N
	

(2.2)

and for eachk = 1; : : : ; N , stability constraints:

isStable
�
Psk � Gsk ; C; Ts1 � Gs1 ; : : : ; Psk � 1 � Gsk � 1

�
(2.3)

and manipulation feasibility constraints:

isManipFeasible
�
Psk � Gsk ; Ps1 � Gs1 ; : : : ; Psk � 1 � Gsk � 1

�
(2.4)

It is important to note that both stability and manipulation feasibility constraints

must be satis�ed for every intermediate arrangementof objects, not just the �nal

arrangement.

2.2.1 Stability checking

Stability is de�ned as the condition in which all placed items are in static equilibrium

under gravity and frictional contact forces. We model the stack using point contacts

with a Coulomb friction model with a known coe�cient of static friction. Let the

set of contact points be denoted asc1; : : : ; cK , which have normalsn1; : : : ; nN , and

friction coe�cients � 1; : : : ; � K . For each contactck , let the two bodies in contact be

denotedAk and Bk . Let f 1; : : : ; f K denote the contact forces, with the convention

that f k is applied to Bk and the negative is applied toAk . We also de�nemi as the

mass of objecti , and cmi as its COM. We take the convention that the container

has in�nite mass.
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The object pile is in static equilibrium if there are a set of forces that satisfy the

following conditions.

Force balance: 8i = 1; : : : ; N ,

�
X

k j i = A k

f k +
X

k j i = B k

f k + mi g = 0: (2.5)

Torque balance: 8i = 1; : : : ; N ,

�
X

k j i = A k

(cmi � ck) � f k +
X

k j i = B k

� (cmi � ck) � f k = 0:

Force validity: 8k = 1; : : : ; K;

f k � nk > 0; (2.6)

kf ?
k k � � k(f k � nk): (2.7)

wheref ?
k = f k � nk(f k � nk) is the tangential component (i.e., frictional force) off k .

For a given arrangement of objects, an approximate set of contact points is ob-

tained with the slightly scaled geometries in placement. A pyramidal approximation

for the friction cone is used, and the conditions above are formulated as a linear

programming problem overf 1; : : : ; f N , solved using the convex programming solver

CVXPY [DB16]. If no such forces can be found, the arrangement is considered

unstable.

2.2.2 Manipulation feasibility

This constraint checks feasibility of a packing pose when executed by a robot ma-

nipulator. This requires that the object be graspable from its initial pose and can

be packed in the desired pose via a continuous motion, without colliding with envi-

ronmental obstacles.
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In our system, we limit ourselves to the existence of a feasible top-down place-

ment trajectory within the grasp constraints, as robots performing pick and place

(e.g., box packing) commonly use vertical motion [dBKM+ 05]. We also assume the

existence of a grasp generator that produces some number of candidate end e�ec-

tor(EE) transforms, speci�ed relative to an object's geometry that may be used to

grasp the object. The pseudo-code for this procedure is given in Alg. 1.

Algorithm 1: isManipFeasible
input : Desired placed geometryT � G and a set of grasp candidates

f TG
1 ; : : : TG

n g
1 for TG 2 f TG

1 ; : : : TG
n g do

2 Compute top-down EE pathPee interpolating from an elevated pose to a
�nal pose T � TG;

3 for Pee 2 P ee do
4 if : (IKSolvable (Pee) ^ inJointLimits( Pee) ^ collisionFree(Pee))

then Continue with Line1;
5 end
6 return True
7 end
8 return False

2.3 Pipeline for Robot-packable Planning

We develop a constructive packing pipeline to solve for the set of robot-packable

constraints proposed. Our algorithm accepts an itemset, a container dimension, a

constructive positioning heuristic, and/or a packing sequence, to produce packing

plans. The pipeline packs each item to its optimized feasible pose in sequential

order, without backtracking.

Our pipeline primarily consists of 4 components, namely:

1. Placement sequence

2. Generate ranked transforms
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3. Stability check

4. Manipulation feasibility check

The pipeline starts with a sequencing heuristic to sort all items in a tentative

placement ordering and allocates them individually into the container in this se-

quence. For each object at the time of the allocation, a set of candidate transforms

satisfying robot-packable constraints are generated and ranked based on the position-

ing heuristic. Constraint checks are performed in order until a transform satisfying

all required constraints is returned.

2.3.1 Placement sequence

The placement sequence can be user-speci�ed or generated by non-increasing bound-

ing box volume rule. The generated sequence is subject to adjustment if a solution

cannot be found in the speci�ed ordering.

2.3.2 Generating ranked transforms

For a given item, a positioning heuristic (e.g., placement rule) identi�es a free pose

inside the container that is most preferred according to a speci�c criterion. Our

pipeline accepts arbitrary positioning heuristics, but instead of applying the heuristic

to obtain one optimal placement for each item, we use the score formulated from the

positioning heuristic to rank candidate placements.

The candidate placements are obtained with a prioritized search among a dis-

cretized set of object poses. Instead of searching in the 6D space of SE(3), our algo-

rithm �rst performs a grid search in a 3D space that likely contains robot-packable

solutions. In the 3D search, the rolls and pitches ofG are restricted to be a set of

planar-stableorientations, which are a set of stable resting orientations ofG on a pla-

nar surface, computed using the method of Goldberg et al. [GMZ+ 99]. This speeds
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up the search for the common case of packing on the �rst layer and on horizontal

supports. If no feasible solutions exist in the 3D space, the algorithm falls back to

search in 5D, in which a grid search is performed for rolls and pitches as well.

The 3D search for collision-free placements of one object, given a set of rolls and

pitches, is shown in Alg. 2. A grid search is performed for yaw, X, and Y at a given

resolution, and the height Z of the placement is analytically determined as the lowest

free placement. 2D heightmaps are used to accelerate the computation of Z to an

e�cient 2D matrix manipulation. Three heightmaps are computed: 1) a top-down

heightmap Hc of the container and placed objects, 2) a top-down heightmapH t of

the object to be placed, and 3) a bottom-up heightmapHb of the object to be placed.

H t and Hb are measured relative to the lower left corner of the orientated object.

Raycasting is used to build these heightmaps, and rays that do not intersect with the

object geometry are given height 0 inH t and 1 in Hb. The container heightmap is

obtained once at the beginning of object placement search, and an object heightmap

is computed once for each distinct searched orientation.

Given an object orientation and X, Y location, we calculate the lowest collision-

free Z as follows:

Z =
w� 1
max
i =0

h� 1
max
j =0

(Hc[x + i; y + j ] � Hb[i; j ]) (2.8)

where (x; y) are the pixel coordinates ofX; Y , and (w; h) to be the dimensions ofH t .
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